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General theory of regular biorthogonal pairs and its
physical applications
Hiroshi Inoue
Abstract
In this paper we introduce a general theory of regular biorthogonal
sequences and its physical applications. Biorthogonal sequences {φn}
and {ψn} in a Hilbert space H are said to be regular if Span {φn} and
Span {ψn} are dense in H. The first purpose is to show that there
exists a non-singular positive self-adjoint operator Tf in H defined
by an ONB f ≡ {fn} in H such that φn = Tffn and ψn = T−1f fn,
n = 0, 1, · · · , and such an ONB f is unique. The second purpose is to
define and study the lowering operators Af and B
†
f , the raising opera-
tors Bf and A
†
f , the number operators Nf and N
†
f determined by the
non-singular positive self-adjoint operator Tf . These operators con-
nect with quasi -hermitian quantum mechanics and its relatives. This
paper clarifies and simplifies the mathematical structure of this frame-
work minimized the required assumptions.
1 Introduction
In this paper we introduce a general theory of regular biorthogonal sequences
and its physical applications. Sequences {φn} and {ψn} in a Hilbert space
H are biorthogonal if (φn|ψm) = δnm, n = 0, 1, · · · , where (·|·) is an inner
product of H and they are regular if both Span {φn} and Span {ψn} are
dense in H. Then ({φn}, {ψn}) is said to be a regular biorthogonal pair. The
first purpose is to show that the following statements (i)-(iii) are equivalent:
(i) ({φn}, {ψn}) is a regular biorthogonal pair in a Hilbert space H.
(ii) For any ONB e = {en} in H, there exists a densely defined closed opera-
tor T in H with densely defined inverse such that {en} ⊂ D(T )∩D((T−1)∗),
φn = Ten and ψn = (T
−1)∗en, n = 0, 1, · · · and the minimum in such opera-
tors T exists and denoted by Te.
(iii) There exists a unique ONB f = {fn} in H such that Tf is a non-singular
positive self-adjoint operator in H.
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Furthermore, we investigate the relationship between a regular biorthogo-
nal pair ({φn}, {ψn}) and the notions of Riesz bases and semi-Riesz bases.
Here ({φn}, {ψn}) is a pair of Riesz bases if there exists an ONB e = {en}
in H such that both Te and T−1e are bounded. And ({φn}, {ψn}) is a pair
of semi-Riesz bases if there exists an ONB e = {en} in H such that either
Te or T
−1
e are bounded. It is shown that Riesz bases and semi-Riesz bases
do not depend on methods of taking ONB. In Ref. [1], we have defined and
studied the notion of generalized Riesz bases: Biorthogonal sequences {φn}
and {ψn} in a Hilbert space H is said to be a generalized Riesz base if there
exist an ONB e = {en} in H and a densely defined closed operator T in
H with densely defined inverse such that e ⊂ D(T ) ∩D((T−1)∗), φn = Ten
and ψn = (T
−1)∗en, n = 0, 1, · · · , and then{φn} is said to be a Riesz base
if the above T and T−1 are bounded. As known in the above (ii), in this
paper we show that if ({φn}, {ψn}) is a regular biorthogonal pair, then it is
always a generalized Riesz base. The second purpose is to define and study
the physical operators determined by the non-singular positive self-adjoint
operator Tf as follows:
Af = Tf
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
T−1f ,
Bf = Tf
(
∞∑
k=0
√
k + 1fk+1 ⊗ f¯k
)
T−1f ,
A
†
f = T
−1
f
(
∞∑
k=0
√
k + 1fk+1 ⊗ f¯k
)
Tf ,
B
†
f = T
−1
f
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
Tf ,
Nf = Tf
(
∞∑
k=0
√
k + 1fk+1 ⊗ f¯k+1
)
T−1f ,
N
†
f = T
−1
f
(
∞∑
k=0
√
k + 1fk+1 ⊗ f¯k+1
)
Tf ,
where the tensor x⊗ y¯ of elements x, y of H is defined by
(x⊗ y¯)ξ = (ξ|y)x, ξ ∈ H.
2
Then it is shown that these operators defined by ONB do not depend on
methods of taking ONB and
Afφn =


0 , n = 0,
√
nφn−1 , n = 1, 2, · · · ,
Bfφn =
√
n + 1φn+1 , n = 0, 1, · · · ,
A
†
fψn =
√
n + 1ψn+1 , n = 0, 1, · · · ,
B
†
fψn =


0 , n = 0,
√
nψn−1 , n = 1, 2, · · · ,
Nfφn = nφn , n = 0, 1, · · · ,
N
†
fψn = nψn , n = 0, 1, · · · ,
and furthermore
AfBf −BfAf ⊂ I and B†fA†f −A†fB†f ⊂ I.
Thus, Af and Bf are lowering and raising operators for{φn}, respectively,
and A†f and B
†
f are raising and lowering operators for {ψn}, respectively,
and Nf and N
†
f are number operators for {φn} and {ψn}, respectively. These
operators connect with quasi-hermitian quantum mechanics and its relatives.
Many researchers have investigated such operators mathematically. [1, 2].
Hereafter, we shall consider the connection with pseudo-bosons, where in
the recent literature many researchers have investigated. [3, 5, 4, 6, 7] This
paper clarifies and simplifies the mathematical structure of this framework
minimized the required assumptions.
This article is organized as follows. In Section 2, we define and study the
notions of biorthogonal and regular pairs. By using the notions, we introduce
general theories of a regular biorthogonal pair ({φn}, {ψn}). In Section 3, we
define and study the lowering operators Af and B
†
f , the raising operators Bf
and A†f , the number operators Nf and N
†
f determined by the non-singular
positive self-adjoint operator Tf . By using the notions, we introduce general
theories of these operators.
3
2 General theory of generalized Riesz bases
In this section, we define the notion of biorthogonal and regular pairs and
introduce its general theory. In particular, we investigate the relationship
between a regular biorthogonal pair ({φn}, {ψn}) and the notions of Riesz
bases and semi-Riesz bases.
Definition 2.1. Sequences {φn} and {ψn} in a Hilbert space H are said
to be biorthogonal if (φn|ψm) = δnm, n, m = 0, 1, · · · .
It is easily shown that both {φn} and {ψn} are linearly independent. Further-
more, Dφ ≡ Span {φn} (or Dψ ≡ Span {ψn}) is not necessarily dense in H.
Indeed, we put {φn ≡ en+1+e1, n = 1, 2, · · · } and {ψn ≡ en+1, n = 1, 2, · · · },
where {en} is an ONB in H. Then {φn} and {ψn} are biorthogonal and Dφ
is dense in H, but Dψ is not dense in H. This example is given in Ref. [3].
In more general, let {en} be an orthonormal system such that Span {en} is
not dense in H and T be a bounded operator on H with bounded inverse.
We put
φn = Ten and ψn = (T
−1)∗en, n = 0, 1, · · · .
Then it is easily shown that {φn} and {ψn} are biorthogonal, but both Dφ
and Dψ are not dense in H. Indeed, take an arbitrary y 6= 0 ∈ {en}⊥.
Then since T−1y 6= 0 and (φn|T−1y) = (en|y) = 0 for n = 0, 1, · · · , we
have T−1y ∈ {φn}⊥. Hence Dφ is not dense in H. Similarly, we have
Ty 6= 0 ∈ {ψn}⊥. Hence, Dψ is not dense in H. In Theorem 2.3, we shall give
necessary and sufficient conditions for biorthogonal sequences {φn} and {ψn}
under which Dφ and Dψ are dense in H. Thus, various cases for biorthogonal
sequences arise.
Definition 2.2. A pair ({φn}, {ψn}) of biorthogonal sequences is said to
be regular if both Dφ and Dψ are dense in H.
Let {φn} and {ψn} be biorthogonal. For any ONB e ≡ {en} in H, we
put
Te
(
n∑
k=0
αkek
)
=
n∑
k=0
αkφk, (2.1)
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Ke
(
n∑
k=0
αkek
)
=
n∑
k=0
αkψk. (2.2)
for
∑n
k=0 αkek ∈ De ≡ Span {en}. Then Te and Ke are densely defined
linear operators in H and we have(
Te
(
n∑
k=0
αkek
)∣∣∣∣∣ Ke
(
m∑
j=0
βjej
))
=
n∑
k=0
m∑
j=0
αkβ¯j(φk|ψj)
=
n∑
k=0
m∑
j=0
αkβ¯jδkj
=


∑n
k=0 αkβ¯k, n ≤ m∑m
k=0 αkβ¯k, n > m
=
(
n∑
k=0
αkek
∣∣∣∣∣
m∑
j=0
βjej
)
(2.3)
for any
∑n
k=0 αkek,
∑m
j=0 βjej ∈ De, which implies that
K∗eTe = I on De . (2.4)
But, Te and Ke are not necessarily closable. In next Theorem 2.3, we shall
show that Te and Ke are closable if and only if ({φn}, {ψn}) is regular.
Theorem 2.3. Let {φn} and {ψn} be sequences in H. Then the following
statements are equivalent.
(i) ({φn}, {ψn}) is a regular biorthogonal pair.
(ii) {φn} and {ψn} are biorthogonal, and Te and Ke are closable for any
ONB e ≡ {en} in H.
(iii) For any ONB e = {en} in H there exists a densely defined closed lin-
ear operator T in H with densely defined inverse such that e ⊂ D(T ) ∩
D((T−1)∗), T en = φn and (T
−1)∗en = ψn, n = 0, 1, · · · .
(iv) There exists an ONB f = {fn} in H such that Tf is a non-singular pos-
itive essentially self-adjoint operator in H, and it is unique in the following
sense: if g is an ONB in H such that Tg is a non-singular positive essentially
self-adjoint operator in H, then g = f .
If this holds, then for any ONB e, the closure T¯e of Te (for simplicity denoted
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by the same Te after the proof of Lemma 2.4) is the minimum in closed op-
erators T satisfying condition in (iii).
Proof. (i)⇒(ii) Since D(T ∗e ) ⊃ Dψ and D(K∗e) ⊃ Dφ by (2.3), it follows
that D(T ∗e ) and D(K
∗
e) are dense in H, equivalently, Te and Ke are closable.
(ii)⇒(iii) We show that T¯e satisfies conditions in (iii).
Indeed, for any x ∈ D(T¯e) there exists a sequence {xn} in D(Te) = Span e
such that limn→∞ xn = x and limn→∞ Texn = T¯ex. By (2.4), limn→∞K
∗
eTexn =
limn→∞ xn = x. Hence, we have
T¯ex ∈ D(K∗e) and K∗eT¯ex = x,
which means that T¯−1e = K
∗
e. Since Ke is closable, we have
K¯e = K
∗∗
e = (T¯
−1
e )
∗. (2.5)
Thus T¯e is a densely defined closed operator with densely defined inverse such
that e ⊂ D(T¯e) ∩D((T¯−1e )∗), T¯een = φn and (T¯−1e )∗en = ψn, n = 0, 1, · · · .
(iii)⇒(iv) For any ONB e = {en} in H, Te ⊂ T and Ke ⊂ (T−1)∗. Hence
Te and Ke are closable. Let T
∗
e = U |T ∗e | be the polar decomposition of T ∗e .
Since (T ∗e )
−1 = K¯e by (2.5), it follows that T
∗
e has a densely defined inverse,
which implies that U is a unitary operator. We here put f = {U∗en}. Then
it is shown that f is an ONB in H and T¯f = |T ∗e |. In detail, this statement
is proved in Ref. [1]. Furthermore, the uniqueness is shown in Lemma 2.4.
(iv)⇒(i) Since
(φn|ψm) = (Tffn|T−1f fm)
= (fn|fm)
= δnm, n,m = 0, 1, · · · ,
we have that {φn} and {ψn} are biorthogonal. Next, we show that Dφ and
Dψ are dense in H. Take an arbitrary y ∈ {φn}⊥. Then,
0 = (y|
n∑
k=0
αkφk)
=
(
y | Tf
(
n∑
k=0
αkfk
))
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for any x =
∑n
k=0 αkφk ∈ Dφ. Hence we have
y ∈ D(T ∗f ) = D(T¯f) and T¯fy = 0.
Since Tf has inverse, we have y = 0. Therefore Dφ is dense in H. It is
similarly shown that Dψ is dense in H. This completes the proof.
Let ({φn}, {ψn}) be a regular biorthogonal pair. We investigate the rele-
vance of these operators Te and Tg, defined by ONB e and ONB g in H. We
define a unitary operator Ue,g by
Ue,g
(
n∑
k=0
αkek
)
=
n∑
k=0
αkgk.
Then we have the following
Lemma 2.4. The following statements hold.
(1) T¯e = T¯gUe,g.
(2) T¯eT
∗
e = T¯gT
∗
g . Hence, |T ∗e | = |T ∗g |.
Proof. (1) Take an arbitrary x ∈ D(T¯e). Then there exists a sequence
{xn} in Span e such that limn→∞ xn = x and limn→∞ Texn = T¯ex. Since,
TgUe,f
(
n∑
k=0
αkek
)
= Tg
(
n∑
k=0
αkgk
)
=
n∑
k=0
αkφk
= Te
(
n∑
k=0
αkek
)
for any
∑n
k=0 αkek ∈ De, it follows that
lim
n→∞
Ue,gxn = Ue,gx and
lim
n→∞
TgUe,gxn = lim
n→∞
Texn
= T¯ex.
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Hence, we have
Ue,gx ∈ D(T¯g) and T¯gUe,gx = T¯ex.
Thus, we have
T¯e ⊂ T¯gUe,g.
Similarly, we have
T¯g ⊂ T¯eUg,e = T¯e(Ue,g)∗.
Hence we have
T¯gUe,g ⊂ T¯e.
Thus we have
T¯e = T¯gUe,g.
(2) By (1), we have T ∗e ⊃ U∗e,gT ∗g . Hence it follow that
T¯eT
∗
e ⊃ T¯gUe,gU∗e,gT ∗g = T¯gT ∗g .
Furthermore, by replacing the e and g we have
T¯gT
∗
g ⊃ T¯eT ∗e .
From the above,
T¯gT
∗
g = T¯eT
∗
e .
This completes the proof.
By Lemma 2.4, we can show the uniqueness of {fn} in Theorem 2.3. (iv),
and so the proof of Theorem 2.3 completes. Hereafter we denote the closure
of Te by the same Te excluding the case when lead to confusion.
Next we define and study the notions of Riesz bases and semi-Riesz bases.
And we investigate the relationship these notions and regular biorthogonal
pairs.
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Definition 2.5. Let {φn} and {ψn} be sequences in H. ({φn}, {ψn}) is
said to be a pair of Riesz bases if
(i) ({φn}, {ψn}) is a regular biorthogonal pair.
(ii) There exists an ONB e = {en} in H such that both Te and (T−1e )∗ are
bounded.
Definition 2.6. Let {φn} and {ψn} be sequences in H. ({φn}, {ψn}) is
said to be a pair of semi-Riesz bases if
(i) ({φn}, {ψn}) is a regular biorthogonal pair.
(ii) There exists an ONB e = {en} in H such that either Te or (T−1e )∗ are
bounded.
By Lemma 2.4, we have the following.
Lemma 2.7. If Te (resp. T
−1
e ) is bounded for some ONB e, then Tg (resp.
T−1g ) is bounded for any ONB g in H.
This means that the notions of Riesz bases and semi-Riesz bases do not
depend on methods of taking ONB. In other word, the following holds.
Lemma 2.8 ({φn}, {ψn}) is a pair of regular biorthogonal sequences. Then
the folloing statements are equivalent:
(i) ({φn}, {ψn}) is a pair of Riesz bases (resp. semi-Riesz bases) for some
ONB e = {en} in H.
(ii) ({φn}, {ψn}) is a pair of Riesz bases (resp. semi-Riesz bases) for any
ONB g = {gn} in H.
We proceed studies of regular biorthogonal pairs. Let ({φn}, {ψn}) be a
regular biorthogonal pair. Then we define two operators Sφ and Sψ by
Sφ =
∞∑
n=0
φn ⊗ φ¯n
and
Sψ =
∞∑
n=0
ψn ⊗ ψ¯n,
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where the tensor x⊗ y¯ of elements x, y of H is defined by
(x⊗ y¯)ξ = (ξ|y)x, ξ ∈ H.
In detail, the operators Sφ and Sψ are defined as follows:

D(Sφ) = {x ∈ H ; limn→∞
∑n
k=0(x|φk)φk exists in H}
Sφx =
∑∞
n=0(x|φn)φn, x ∈ D(Sφ)

D(Sψ) = {x ∈ H ; limn→∞
∑n
k=0(x|ψk)ψk exists in H}
Sψx =
∑∞
n=0(x|ψn)ψn, x ∈ D(Sψ).
We investigate the properties of Sφ and Sψ and the relationships between Sφ,
Sψ and TeT
∗
e , (T
−1
e )
∗T−1e , respectively. It is easily shown that
D(Sφ) ⊃ Dψ and Sφψn = φn, n = 0, 1, · · · ,
D(Sψ) ⊃ Dφ and Sψφn = ψn, n = 0, 1, · · · .
Hence, Sφ and Sψ are densely defined linear operators in H satisfying
SφSψ = 1 on Dφ,
SψSφ = 1 on Dψ.
Since Dφ and Dψ are dense in H, we have
SφSψ = SψSφ = 1.
Furthermore, it is easily shown that Sφ and Sψ are positive and symmetric
operators in H.
Lemma 2.9. The following statements holds.
(1) If ({φn}, {ψn}) is a regular biorthogonal pair, then for any ONB e = {en}
in H
Sφ = TeT
∗
e on D(Sφ) ∩D(T ∗e ),
Sψ = (T
−1
e )
∗T−1e on D(Sψ) ∩D(T−1e ).
(2) Let ({φn}, {ψn}) be a pair of semi-Riesz bases and e be an ONB in H.
In case that Te is unbounded and T
−1
e is bounded,
Sφ ⊂ TeT ∗e and Sψ = (T−1e )∗T−1e ,
10
and in case that Te is bounded and T
−1
e is unbounded,
Sφ = TeT
∗
e and Sψ ⊂ (T−1e )∗T−1e .
(3) If ({φn}, {ψn}) is a pair of Riesz bases, then
Sφ = TeT
∗
e and Sψ = (T
−1
e )
∗T−1e .
Proof. (1) Take an arbitrary x ∈ D(Sφ) ∩ D(T ∗e ). Since x ∈ D(T ∗e ), we
have (
n∑
k=0
φk ⊗ φ¯k
)
x =
n∑
k=0
(x|φk)φk
=
n∑
k=0
(x|Teek)Teek
= Te
(
n∑
k=0
(T ∗ex|ek)ek
)
,
which implies that
lim
n→∞
n∑
k=0
(T ∗ex|ek)ek = T ∗ex,
and
lim
n→∞
Te
(
n∑
k=0
(Tex|ek)ek
)
= lim
n→∞
(
n∑
k=0
φk ⊗ φ¯k
)
x
= Sφx.
Thus we have
T ∗ex ∈ D(Te) and TeT ∗ex = Sφx.
From the above,
Sφ = TeT
∗
e on D(Sφ) ∩D(T ∗e ).
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The statement for Sψ is proved in similar way.
(2) We assume that Te is unbounded and T
−1
e is bounded. Take an arbitrary
x ∈ D(Sφ). Then we have
lim
n→∞
Te
(
n∑
k=0
(x|Teek)ek
)
= lim
n→∞
n∑
k=0
(x|φk)φk
= Sφx.
Since T−1e is bounded, it follows that
lim
n→∞
n∑
k=0
(x|Teek)ek = T−1e Sφx.
Thus, we have
n∑
k=0
|(x|Teek)|2 <∞. (2.6)
Furthermore, take an arbitrary y =
∑∞
k=0(y|ek)ek ∈ D(Te). Then there
exists a sequence {
yn ≡
ln∑
k=0
(yn|ek)ek
}
in De
such that
lim
n→∞
yn = y,
lim
n→∞
Teyn = lim
n→∞
ln∑
k=0
(yn|ek)Teek
= Tey.
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Then it follows from (2.6) and Schwartz’s inequality that
|(Tey|x)| = lim
n→∞
|(Teyn|x)|
= lim
n→∞
∣∣∣∣∣
ln∑
k=0
(yn|ek)(Teek|x)
∣∣∣∣∣
≤ lim
n→∞
(
ln∑
k=0
|(yn|ek)|2
) 1
2
(
ln∑
k=0
|(Teek|x)|2
) 1
2
= ‖y‖
(
∞∑
k=0
|(Teek|x)|2
) 1
2
,
which implies x ∈ D(T ∗e ) and D(Sφ) ⊂ D(T ∗e ). By (1), we have
Sφ = TeT
∗
e on D(Sφ),
which means that
Sφ ⊂ TeT ∗e .
Furthermore, take an arbitrary x ∈ H. Since T−1e is bounded, it follows that
lim
n→∞
n∑
k=0
(x|ψk)ψk = lim
n→∞
(T−1e )
∗
(
n∑
k=0
(T−1e x|ek)ek
)
= (T−1e )
∗
(
∞∑
k=0
(T−1e x|ek)ek
)
= (T−1e )
∗T−1e x,
which implies that x ∈ D(Sψ) and Sψ = (T−1e )∗T−1e . Thus we have
Sψ = (T
−1
e )
∗T−1e .
(3) This follows from (1) and (2). This completes the proof.
By the proofs of Lemma 2.9, we have the following
Remark. The following statements are equivalent:
(i) Sφ ⊂ TeT ∗e .
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(ii) D(Sφ) ⊂ D(T ∗e ).
(iii)
∑∞
k=0 |(x|φk)|2 <∞, for any x ∈ D(Sφ).
Similarly, the following statements are equivalent,
(i)’ Sψ ⊂ (T−1e )∗T−1e .
(ii)’ D(Sψ) ⊂ D(T−1e ).
(iii)’
∑∞
k=0 |(x|ψk)|2 <∞, for any x ∈ D(Sψ).
We characterize the notions of Riesz bases and semi-Riesz bases.
Proposition 2.10. Let ({φn}, {ψn}) be a regular biorthogonal pair. Then
the following statements are equivalent:
(i) ({φn}, {ψn}) is a pair of Riesz bases.
(ii) {φn} and {ψn} are Bessel sequences, that is, there exists positive con-
stants rφ and
rψ such that
∞∑
k=0
|(x|φn)|2 ≤ rφ‖x‖2,
and
∞∑
k=0
|(x|ψn)|2 ≤ rψ‖x‖2,
for all elements x of H.
(iii) Sφ and Sψ are bounded operators on H.
Proof. (i)⇒(iii) This follows from Lemma 2.9, (3).
(iii)⇒(ii) Take an arbitrary x ∈ H. Then we have
∞∑
n=0
|(x|φn)|2 = (Sφx|x)
≤ ‖Sφ‖‖x‖2,
and
∞∑
n=0
|(x|ψn)|2 = (Sψx|x)
≤ ‖Sψ‖‖x‖2.
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Hence, {φn} and {ψn} are Bessel sequences.
(ii)⇒(i) Take an arbitrary x =∑nk=0(x|ek)ek ∈ De. Then we have
|(Tex|y)| =
∣∣∣∣∣
n∑
k=0
(x|ek)(φk|y)
∣∣∣∣∣
≤
(
n∑
k=0
|(x|ek)|2
) 1
2
(
n∑
k=0
|(φk|y)|2
) 1
2
≤ ‖x‖
(
∞∑
k=0
|(φk|y)|2
) 1
2
≤ ‖x‖
(
r
1
2
φ ‖y‖
)
for each y ∈ H, which implies that Te ∈ B(H). Similarly, we have (T−1e )∗ ∈
B(H). This completes the proof.
Furthermore, we have the following
Proposition 2.11. Let ({φn}, {ψn}) be a regular biorthogonal pair. Then
the following statements are equivalent:
(i) ({φn}, {ψn}) is a pair of semi-Riesz bases, that is, Te (or T−1e ) is bounded.
(ii) {φn} (or {ψn}) is a Bessel sequence.
(iii) Sφ (or Sψ) is a bounded operator on H.
Proof. The statements (i), (ii) and (iii) are proved similarly to (i), (ii)
and (iii) in Proposition 2.10, respectively.
The notion of Bessel sequences in Proposition 2.10 and 2.11 has appeared in
Ref. [5].
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3 Physical operators defined by regular biorthog-
onal sequences
In this section, let ({φn}, {ψn}) be a regular biorthogonal pair and we study
the following operators defined by ({φn}, {ψn})
Ae = Te
(
∞∑
k=0
√
k + 1ek ⊗ e¯k+1
)
T−1e ,
Be = Te
(
∞∑
k=0
√
k + 1ek+1 ⊗ e¯k
)
T−1e ,
where Te is a closed operator for an ONB e = {en} defined in Theorem 2.3.
Proposition 3.1. The following statements hold.
(1)
Aeφn =
{
0, n = 0√
nφn−1, n ≥ 1.
(2) Beφn =
√
n+ 1φn+1, n ≥ 0
Proof. (1) Since
Aeφn = Te
(
∞∑
k=0
√
k + 1ek ⊗ e¯k+1
)
T−1e Teen
= Te
(
∞∑
k=0
√
k + 1(en|ek+1)ek
)
,
we have
Aeφ0 = 0,
Aeφn =
√
nTeen−1 =
√
nφn−1, n = 1, 2, · · · . (3.1)
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(2) This follows from
Beφn = Te
(
∞∑
k=0
√
k + 1ek+1 ⊗ e¯k
)
T−1e Teen
= Te
(
∞∑
k=0
√
k + 1(en|ek)ek+1
)
=
√
n+ 1Teen+1
=
√
n+ 1φn+1, n = 0, 1, · · · . (3.2)
These operators Ae and Be are lowering and raising operators, respectively.
These operators connect with quasi-hermitian quantum mechanics and its
relatives. We investigate the properties of Ae and Be, and the relationships
between these operators and Te. In Theorem 2.3, we have shown that there
uniquely exists an ONB f = {fn} in H such that Tf is a non-singular posi-
tive self-adjoint operator in H.
Theorem 3.2. We have
Ae = Af and Be = Bf
for any ONB e = {en} in H.
Proof. Since Te = TfUe,f by Lemma 2.4, we have
Ae = TfUe,f
(
∞∑
k=0
√
k + 1ek ⊗ e¯k+1
)
U∗e,fT
−1
f
= Tf
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
T−1f
= Af .
It is similarly shown that Be = Bf . This completes the proof.
This means that the lowering operators and the raising operators defined
by ONB do not depend on methods of taking ONB. Therefore, we may con-
sider only Af and Bf as lowering and raising operators defined by ONB
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f = {fn} without loss of generality. We next define the lowering operator
B
†
f and the raising operator A
†
f determined by {ψn} as follows:
A
†
f = T
−1
f
(
∞∑
k=0
√
k + 1fk+1 ⊗ f¯k
)
Tf ,
B
†
f = T
−1
f
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
Tf .
Then we have the following
Proposition 3.3. The following statements hold.
(1)
A
†
fψn =
√
n + 1ψn+1, n = 0, 1, · · · ,
B
†
fψn =


0, n = 0,
√
nψn−1, n = 1, 2, · · · .
(2) A†f ⊂ A∗f and B†f ⊂ B∗f .
Proof. (1) This is shown similarly to Proposition 3.1.
(2) Take an arbitrary x ∈ Df such that Tfx ∈ D(Af ) and y ∈ D(A†f ). Since(
∞∑
k=0
√
k + 1fk+1 ⊗ f¯k
)∗
=
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
and x ∈ D (Tf (∑∞k=0√k + 1fk ⊗ f¯k+1)), it follows that
(Tfx|A†fy) =
(
x
∣∣∣∣∣
(
∞∑
k=0
√
k + 1fk+1 ⊗ f¯k
)
Tfy
)
=
(
Tf
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
x | y
)
= (AfTfx |y),
which implies that A†f ⊂ A∗f . Similarly we have B†f ⊂ B∗f . This completes
the proof.
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For relations between a regular biorthogonal pair ({φn}, {ψn}) and lower-
ing operators Af , B
†
f and raising operators Bf , A
†
f , we have following
Proposition 3.4. The following statements hold.
(1)
φn =
1√
n!
Bnfφ0, n = 0, 1, · · · ,
ψn =
1√
n!
(A†f )
nψ0, n = 0, 1, · · · .
(2)
AfDφ = Dφ, BfDφ = Dφ.
and
A
†
fDψ = Dψ, B
†
fDψ = Dψ.
Proof. (1) This is easily shown by the definition of A†f and Bf .
(2) This follows from Proposition 3.1 and the above (1).
By Proposition 3.4, (2) we have Dφ ⊂ D(Af) ∩ D(Bf) and Dψ ⊂ D(A†f) ∩
D(B†f). We consider when Dφ is a core for A¯f and B¯f and Dψ is a core for
A¯
†
f and B¯
†
f .
Proposition 3.5. The following statements hold.
(1) If Tf is bounded, then Dφ is a core for A¯f and B¯f .
(2) If T−1f is bounded, then Dψ is a core for A¯
†
f and B¯
†
f .
Proof. We show that if Tf is bounded, Dφ is a core for A¯f . Take an
arbitrary y ∈ D(A). Since Tf is bounded, there exists an element x of H
such that
lim
n→∞
(
n∑
k=0
√
k + 1fk ⊗ f¯k+1
)
x =
∞∑
k=0
√
k + 1(x|fk+1)fk
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exists in H and y = Tfx. We put
xn =
n∑
k=0
(x|fk)fk, n = 0, 1, · · · .
Then we have {xn} ⊂ Df , limn→∞ xn = x and
lim
n→∞
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
xn = lim
n→∞
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)(
n∑
j=0
(x|fj)fj
)
= lim
n→∞
∞∑
k=0
n∑
j=0
√
k + 1(x|fj)(fj|fk+1)fk
= lim
n→∞
n−1∑
k=0
√
k + 1(x|fk+1)fk
=
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
x. (3.3)
We here define a sequence {yn} in Dφ by yn = Tfxn, n = 0, 1, · · · . Then
since Tf is bounded, it follows that limn→∞ yn = Tfx = y and by (3.3)
lim
n→∞
Afyn = lim
n→∞
Tf
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
T−1f Tfxn
= lim
n→∞
Tf
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
xn
= Tf
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
x
= Tf
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
T−1f Tfx
= Afy,
which implies that Dφ is a core for A¯f . The others are similarly shown. This
completes the proof.
Next we consider the operators AfBf , BfAf , A
†
fB
†
f and B
†
fA
†
f . We have
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the following
Lemma 3.6. The following statements hold.
(1)
AfBf ⊂ Tf
(
∞∑
k=0
(k + 1)fk ⊗ f¯k
)
T−1f ,
BfAf ⊂ Tf
(
∞∑
k=0
(k + 1)fk+1 ⊗ f¯k+1
)
T−1f .
(2)
B
†
fA
†
f ⊂ T−1f
(
∞∑
k=0
(k + 1)fk ⊗ f¯k
)
Tf ,
A
†
fB
†
f ⊂ T−1f
(
∞∑
k=0
(k + 1)fk+1 ⊗ f¯k+1
)
Tf .
Proof. (1) This follows from
D(AfBf ) =
{
x ∈ D(T−1f );T−1f x ∈ D
((
∞∑
k=0
√
k + 1fk+1 ⊗ f¯k
))
and
(
∞∑
k=0
√
k + 1fk+1 ⊗ f¯k
)
T−1f x ∈ D(Tf)
and
(
∞∑
k=0
(k + 1)fk ⊗ f¯k
)
T−1f x ∈ D(Tf)
}
⊂
{
x ∈ D(T−1f );
(
∞∑
k=0
(k + 1)fk ⊗ f¯k
)
T−1f x ∈ D(Tf)
}
= D
(
Tf
(
∞∑
k=0
(k + 1)fk ⊗ f¯k
)
T−1f
)
,
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and
D(BfAf ) =
{
x ∈ D(T−1f );T−1f x ∈ D
((
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
))
and
(
∞∑
k=0
√
k + 1fk ⊗ f¯k+1
)
T−1f x ∈ D(Tf )
and
(
∞∑
k=0
(k + 1)fk+1 ⊗ f¯k+1
)
T−1f x ∈ D(Tf )
}
⊂
{
x ∈ D(T−1f );
(
∞∑
k=0
(k + 1)fk+1 ⊗ f¯k+1
)
T−1f x ∈ D(Tf )
}
= D
(
Tf
(
∞∑
k=0
(k + 1)fk+1 ⊗ f¯k+1
)
T−1f
)
.
(2) This is shown similarly to (1).
By Lemma3.6, we have the following
Theorem 3.7. The following statements hold.
AfBf −BfAf ⊂ I and B†fA†f −A†fB†f ⊂ I.
We finally define number operators Nf and N
†
f by
Nf = Tf
(
∞∑
k=0
√
k + 1fk+1 ⊗ f¯k+1
)
T−1f ,
N
†
f = T
−1
f
(
∞∑
k=0
√
k + 1fk+1 ⊗ f¯k+1
)
Tf .
By Lemma 3.6, we have following
Proposition 3.8. The following statements hold.
(1)
Nfφn = nφn, n = 0, 1, · · · ,
N
†
fψn = nψn, n = 0, 1, · · · .
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(2)
BfAf ⊂ Nf and N †f ⊂ A†fB†f .
Proof. This follows from Lemma 3.6.
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